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We simulate the spindle gravitational collapse of a collisionless particle system in
a 3D numerical relativity code and compare the qualitative results with the old work
done by Shapiro and Teukolsky [1]. The simulation starts from the prolate-shaped
distribution of particles and a spindle collapse is observed. The peak value and
its spatial position of curvature invariants are monitored during the time evolution.
We find that the peak value of the Kretschmann invariant takes a maximum at
some moment, when there is no apparent horizon, and its value is greater for a finer
resolution, which is consistent with what is reported in Ref. [1]. We also find a similar
tendency for the Weyl curvature invariant. Therefore, our results lend support to the
formation of a naked singularity as a result of the axially symmetric spindle collapse
of a collisionless particle system in the limit of infinite resolution. However, unlike
in Ref. [1], our code does not break down then but go well beyond. We find that
the peak values of the curvature invariants start to gradually decrease with time for
a certain period of time. Another notable difference from Ref. [1] is that, in our
case, the peak position of the Kretschmann curvature invariant is always inside the
matter distribution.
2I. INTRODUCTION
Gravitational collapse is one of the most typical and attractive phenomena in general
relativity. The singularity theorem (see, e.g., Ref. [2]) states that the formation of spacetime
singularities is inevitable as a result of gravitational collapse with physically reasonable
matter fields. If the cosmic censorship conjecture, proposed by Penrose [3–5], is valid, those
singularities generated from general and physically reasonable initial data should be clothed
by a black hole horizon. Visible spacetime singularities are so-called naked singularities and
a bunch of examples for a naked singularity are reported in various spacetimes. Generality
of naked singularity formation is an important open issue in general relativity.
The cosmic censorship conjecture and naked singularity formation is of interest not only
in a mathematical aspect of general relativity, but also in finding the cut-off energy scale of
general relativity. In other words, a spacetime domain near a naked singularity with infinite
curvature, which we call a border of spacetime [6], may be a window into new physics
beyond general relativity. Even if the curvature scale does not exceed the cut-off scale, it
would provide the locally high energy region in which unknown high energy particle physics
phenomena may take place. The higher curvature regions associated with gravitational
collapse would provide a key to understand unsolved problems in cosmology, astrophysics
and high energy particle physics.
In this paper, we focus on non-spherical gravitational collapse. As is stated by the hoop
conjecture [7], a gravitational source with a sufficiently large circumference compared to its
gravitational radius cannot form a black hole with a horizon. Therefore, we expect that
the gravitational collapse which causes a highly elongated or flattened object at the end
may not be surrounded by a black hole horizon and produces a spacetime border. One of
the most famous examples has been presented by Shapiro and Teukolsky (ST) [1], where
the violation of the cosmic censorship conjecture due to spindle gravitational collapse of
collisionless ring sources is discussed assuming axisymmetry. Our purpose in this letter is
the reanalysis of this system by using recently developed numerical relativity techniques
without exact axisymmetry.
Shapiro and Teukolsky [1] firstly dealt with relativistic collisionless matter in axisymmet-
ric spacetimes (see Ref. [8] for a higher-dimensional version). Full 3-dimensional simulations
of relativistic collisionless particle systems have been performed by Shibata in Refs. [9, 10].
We basically follow the methods adopted in Refs. [9, 10]. The specifications of our numerical
procedure are described in Sec. II.
In this paper, we use the geometrized units in which both the speed of light and Newton’s
gravitational constant are one.
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3II. SUMMARY OF METHODS
A. Geometrical Variables
In this paper, we solve time evolution based on the so called BSSN formalism [11, 12] with
a method of 2nd order finite differences. The maximal slicing and the hyperbolic gamma
driver [13] are adopted for the gauge conditions. For stable calculations, we implement the
Kreiss-Oliger [14] dissipation. Although we do not write all equations down, just to fix
the notation, we start with introducing geometrical and matter variables for the numerical
integration. Readers may refer to several textbooks on numerical relativity(e.g., Refs. [15–
17]) for details.
We consider the following form of line elements:
ds2 = −α2dt2 + γij
(
dxi + βidt
) (
dxj + βjdt
)
, (1)
where i, j = 1, 2, 3, and γij, α and β
i are the spatial metric, lapse function and shift vector,
respectively. The Roman indices are lowered and raised by the spatial metric γij . For
numerical integration, we use the Cartesian coordinate system and decompose the spatial
metric as
γij = e
4ψγ˜ij with det γ˜ = 1. (2)
The unit normal vector field nµ to the spatial hyper-surface is given by nµ = −α (dt)µ, where
the Greek index µ runs from 0 to 3. Then, the projection tensor γ νµ satisfying γ
ν
µ nν = 0 is
given by
γ νµ = nµn
ν + g νµ . (3)
The extrinsic curvature Kij is defined by
Kij = −γ µi γ νj ∇µnν . (4)
We adopt the following decomposition of the extrinsic curvature:
Kij = e
4ψA˜ij +
1
3
Kγij, (5)
where K and e4ψA˜ij are the trace and traceless parts of the extrinsic curvature Kij . Then,
the Einstein equations can be written in terms of α, βi, γij(γ˜ij and ψ) and Kij(A˜ij and K).
For example, the Hamiltonian and momentum constraints are written as
16piE − R−K2 +KijKij = 0, (6)
Mi := 8piJ i −DjKji +DiK = 0, (7)
where R and Di are the scalar curvature and the covariant derivative with respect to γij,
and E and J i are defined by using the stress energy tensor T µν as follows:
E = nµnνT
µν , (8)
J i = −γiµnνT µν . (9)
For a later convenience, we also introduce the following variable:
Sij = γiµγ
j
νT
µν . (10)
4B. Stress energy tensor for a collisionless particle system
Let us consider the collisionless particle system composed of N particles each of which
travels a timelike geodesic. The four velocity uµp of the particle labelled by a positive integer
p can be decomposed as follows [18]:
uµp = Γp
(
nµ + V µp
)
, (11)
where the spatial velocity components V µp satisfy V
µ
p nµ = 0, and Γp is the Lorentz factor.
Then, the 3+1 decomposition of the geodesic equations is expressed as follows [18]:
dΓp
dt
= ΓpV
i
p
(
αKijV
j
p − ∂iα
)
, (12)
dV jp
dt
= αV jp
[
V ip
(
∂j lnα−KjkV kp
)
+ 2Kij − V kp Γijk
]− γij∂jα− V jp ∂jβi, (13)
dτp
dt
=
α
Γp
, (14)
where τp is the proper time and d/dt =
α
Γp
uµp∂µ.
The energy momentum tensor for a particle system is given by (see, e.g., [19])
T µν = −
∑
p
mp
δ3 (x− xp)
uλpnλ
√
γ
uµpu
ν
p, (15)
where mp is the proper mass of the particle and x and xp denote the spatial coordinates
and those values at the particle position, respectively. Then, from Eqs. (8–10), we obtain
E =
∑
p
mpΓp
δ3 (x− xp)√
γ
, (16)
J i =
∑
p
mpΓpV
i
p
δ3 (x− xp)√
γ
, (17)
Sij =
∑
p
mpΓpV
i
pV
j
p
δ3 (x− xp)√
γ
. (18)
In this paper, we assume that the proper mass of every particle is identical to m.
Since the delta function cannot be numerically treated, we introduce the following
smoothing:
δ3 (x− xp)→ fsp (|x− xp| , rs) (19)
with
fsp(r, rs) =
1
pir3s


1− 3
2
(
r
rs
)2
+ 3
4
(
r
rs
)3
for 0 ≤ r
rs
≤ 1
1
4
(
2− r
rs
)3
for 1 ≤ r
rs
≤ 2
0 for 2 < r
rs
, (20)
where rs characterizes the size of a particle.
5C. Cleaning of the Hamiltonian constraint violation
In order to reduce the violation of the Hamiltonian constraint, we update the conformal
factor ψ at each time step. The update is done by using the iteration steps of the Suc-
cessive Over-Relaxation (SOR) method for solving the elliptic equation of the Hamiltonian
constraint. The Hamiltonian constraint (6) can be rewritten in the following form:
D˜iD˜
iψ = −D˜iψD˜iψ + 1
8
R˜ + e4ψ
(
1
12
K2 − 1
8
A˜ijA˜
ij − 2piE
)
, (21)
where D˜i and R˜ are the covariant derivative and Ricci scalar with respect to γ˜ij. The
iteration step is repeated only a few times depending on the degree of the violation. This
prescription reduces the violation of the Hamiltonian constraint during the time evolution.
D. Flow of time evolution
We use the 2nd order leap frog method with time filtering for the time evolution. In
our calculation, we slightly modified the evolution of Γ˜i defined by −∂iγ˜ij from that in the
conventional BSSN scheme as follows:
∂Γ˜i
∂t
=
[
∂Γ˜i
∂t
]
BSSN
− 2e4ψMi, (22)
where the first term in the right-hand side represents the conventional terms in the BSSN
scheme(see, e.g., Refs. [15–17]). This modification does not make any qualitative difference
in the results, but reduces the momentum constraint violation by a factor of a few in our
simulation(see, e.g., Refs. [20, 21] for similar prescriptions). It should be noted that the
added term is trivial if the momentum constraints are well satisfied. The reason for the
smaller momentum constraint violation is not clear and further careful investigation would
be needed for other practical application of this procedure. But, we do not pursue the reason
further in this paper since the modification does not make any qualitative difference in our
case.
The flow of the calculation is as follows:
1. Starting from the initial data, we calculate next step geometrical variables except for
α. Variables for each particle are also evolved by using the geodesic equations, where
geometrical variables at each particle position are calculated by using a 2nd order
interpolation.
2. The energy momentum tensor is calculated from the particle distribution. Here, we
note that the expressions (8–10) are independent of α which has not been fixed yet.
3. ψ is updated by the cleaning of the Hamiltonian constraint violation.
4. By solving the elliptic equation of the maximal slice condition, we obtain α.
The above procedure is repeated.
6III. SHAPIRO-TEUKOLSKY COLLAPSE WITH PARTICLES
A. Initial Data Construction
As in Ref. [1], we start with conformally flat and momentarily static initial data, that is,
γ˜ij = δij , Kij = 0. (23)
The momentum constraint equation (7) is trivially satisfied by setting J i = 0. In terms
of particle variables, we assume Γp = 1 and V
i
p = 0 for every particle. The Hamiltonian
constraint equation is written as
△Ψ = −2piEΨ5 = −2m
∑
p
fsp (|x− xp| , rs) /Ψ, (24)
where Ψ = eψ and △ is the Laplace operator in the 3-dimensional Euclidean space. This
equation can be solved by using SOR method once the particle distribution is fixed. We
generate the particle distribution with reference to a continuous density distribution and the
corresponding conformal factor denoted by E¯ and Ψ¯, respectively.
Following Refs. [1, 22], we determine the particle distribution based on the following
continuum density distribution:
1
2
E¯Ψ¯5 = EN :=


3MN
4pia2b
for x
2+y2
a2
+ z
2
b2
≤ 1
0 for x
2+y2
a2
+ z
2
b2
> 1
, (25)
where MN is a constant which represents the total Newtonian rest mass, a is the equatorial
radius and b is the radius of the major axis. Then, Ψ¯ can be expressed by the Newtonian
potential Φ as follows:
Ψ¯ = 1− Φ (26)
with
△Φ = 4piEN. (27)
For a prolate (a < b) spheroid, we obtain [22, 23]
Φ = −3MN
2be
β − 3MN
4b3e3
(β − sinh β cosh β)R2 − 3MN
2b3e3
(tanh β − β) z2, (28)
where e =
√
1− a2/b2 and R =
√
x2 + y2, and β satisfies
sinh β = be
a
for x
2+y2
a2
+ z
2
b2
≤ 1,
R2 sinh2 β + z2 tanh2 β = b2e2 for x
2+y2
a2
+ z
2
b2
> 1.
(29)
Since the asymptotic behaviour in the limit r =
√
x2 + y2 + z2 →∞ is given by
lim
r→∞
Ψ¯ = 1− lim
r→∞
Φ = 1 +
MN
r
, (30)
7taking the isotropic coordinate into account, the total mass M can be read off as 2MN.
By using this density distribution as the reference, the number of particles ∆N in a grid
box with the volume ∆V is set by
∆N =
E¯Ψ¯6
m
∆V =
2ENΨ¯
m
∆V, (31)
where the mass m is related to the total number of particles N as
mN =M0 :=
∫
E¯Ψ¯6d3x =
∫
2ENΨ¯d
3x = 2MN +
6
5
M2N
be
ln
1 + e
1− e. (32)
We randomly distribute N particles in accordance with Eq. (31), and numerically solve
Eq. (24). Here, we note that, whereas the reference density distribution of the continuum
is the same as that in ST, exact axisymmetry is not assumed in our case unlike in the ST
case. This is because the real density distribution is composed of the particles which are
randomly distributed.
B. Results for the same parameter setting as ST
We consider the domain for the numerical calculation given by 0 < xi/L < 1, where
xi = (x, y, z). Hereafter, we normalize all dimensionful quantities in the unit of M . We
consider the situation characterized by the following parameter set:
L
M
= 20 ,
b
M
= 10 , e = 0.9. (33)
The values of b/M and e are equivalent to those in ST. The initial data given by this
parameter set result in a spindle collapse without an apparent horizon. In the calculation,
the grid interval ∆, particle size rs and particle number N are set as
∆ = L/120 , N = 106 , rs = L/75. (34)
We have also performed a set of simulations of the physically identical model with several
different resolutions. Changing the grid interval ∆, we impose the following scaling for the
particle size rs and number N :
rs ∝ ∆ , N ∝ 1/∆3, (35)
so that ∆N , the number of particles in a grid box, is kept constant. We have checked
that the dynamics of the system does not significantly depend on the size and shape of the
particle profile(see Ref. [8] for results with a Gaussian shape). All figures are for the case
of ∆ = L/120 unless otherwise noted. We note that, in order to minimize the dispersion
in dependence on the resolution, we use a common pseudo random numbers to generate
particle distribution for each resolution. Therefore, a part of particles have identical initial
positions for each resolution.
8We emphasize that we have monitored the existence of an apparent horizon covering the
origin of the coordinates during the time evolution starting from the initial data given in
the previous section and concluded that there is no horizon during the time evolution. On
the other hand, as will be shown in the next subsection, starting from a different initial
data set, we have found an example in which an apparent horizon is finally formed after a
spindle collapse. We have also monitored the violation of constraint equations (Fig. 1). We
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FIG. 1: Constraint violations are depicted as functions of time. The violation of the Hamiltonian
constraint and the momentum constraints is evaluated at each grid point using an appropriate
normalization. The L1-norm and max-norm are calculated for each constraint and plotted as
functions of time.
found that suppressing the max-norm of the momentum constraint violation is relatively
hard with our numerical scheme. In this subsection, we require that the max-norm of the
momentum constraint violation is at most at the level of 10%. The resolution dependence
of the L1-norm of the momentum constraint violation is shown in Fig. 2. It should be noted
that, since we scale the total number and size of particles depending on the grid interval,
the usual second order convergence cannot be expected(see Appendix for the second order
convergence with fixed number and size of particles). Nevertheless, Fig. 2 shows that the
constraint violation is smaller for a finer resolution at late times. We also note that in our
simulation the convergence is not clear for local quantities without averaging due to the
randomness of the particle distribution.
First, we show the snapshots of the particle distribution and density distribution, the
values of the Kretschmann curvature invariant K := RµνρλRµνρλ and the Weyl curvature
invariant W := CµνρλCµνρλ on the x-z plane, where Cµνρλ is the Weyl curvature. Since
our shift gauge condition is different from that used in ST, the spatial shape of the particle
distribution in our coordinates cannot be directly compared with that in ST in the strict
sense. Nevertheless, as is shown in Fig. 3, at t = 23M , we can find a matter concentration
near z = 5M similarly to the result in ST. Around this time, the system experiences the
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FIG. 2: L1-norm of the momentum constraint violation is depicted as a function of time for each
resolution.
first caustic near the top of the matter distribution. We note that, unlike in ST [1], our
calculation does not break down even after this time. After the first caustic, the particles
which went through the caustic start to spread outward from the z-axis. The total length
of z-direction continues to shrink, and the position of the caustic moves inward toward the
origin.
At t = 24M , the value of K has a peak at a point near the density peak. Around this
time, the peak value Kp takes the maximum value Kmax and gradually decreases with time
after that. The value of W at its peak, denoted by Wp, takes the maximum value Wmax
around t = 25M soon after the time when Kp = Kmax. The values of Kp and Wp are
depicted as functions of time in Fig. 4. As is similar to FIG. 3 in ST, the value of Kp starts
to increase around t ≃ 20M , and we find faster growth for a finer resolution.
In spite of the dynamics qualitatively similar to that reported in ST, we can also find a
significant difference from ST. In ST, it is reported that the peak position of the curvature
invariant at t = 23M is at ≃ 6.1M outside the matter distribution. While in our case,
the functional form of K roughly traces the form of the density distribution. The main
contribution for Kp comes from the Ricci part of the curvature. Since the density is also
divergent near the peak of K, one may be concerned with a small trapped region in the
vicinity of the peak. If the size of the trapped region is as small as a few grid intervals, our
apparent horizon finder can not resolve it. Therefore, in order to investigate the existence
of the small trapped region, we calculate the value of expansion Θ on the spheres centered
at the peak of K instead of searching for the apparent horizon. The expansion Θ is defined
by
Θ = Dis
i +Kijs
isj −K, (36)
where si is the unit normal vector to the sphere. In Fig. 5, we depict the value of Θ averaged
on each sphere as a function of the radius of the sphere. As is shown in Fig. 5, the average
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FIG. 3: Snapshots of the particle distribution and density distribution, Kretschmann curvature
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resolution.
value of Θ is positive at least within our resolution. This suggests nonexistence of such an
apparent horizon.
Finally, let us check how Kmax and Wmax depend on the numerical resolution. In Fig. 6,
Kmax and Wmax are depicted as functions of the grid interval ∆, where Wmax is evaluated
within the time interval 0 ≤ t < 30M . The behaviour of Kmax for smaller ∆ seems to have an
inverse power dependence on ∆. We also find similar tendency forWmax. These dependences
suggest divergent curvature invariants in the limit of infinite resolution similarly to ST.
C. Results for a larger mass system
As is written in the section IIIB, we did not find an apparent horizon for the same
parameter setting as the ST case. In the sense of the hoop conjecture[7], we expect that
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a trapped region can be more easily formed for a larger mass system with the same size
and shape of the matter distribution. In this subsection, we show an example in which an
apparent horizon is formed after the occurrence of the maximum value of the Kretschmann
invariant by increasing the total mass comparing the grid interval. It is also worthy to note
that, since the total mass of the previous system is given by M = 6∆, the corresponding
horizon radius in the isotropic coordinate is given by M/2 = 3∆. Therefore, the resolution
seems to be not enough to resolve the spherical horizon for the Schwarzschild black hole
with the same mass M .
Let us consider the particle distribution generated by the following parameter set:
L
M
=
13
2
,
b
M
=
13
4
, e = 0.9. (37)
We leave the value of ellipticity unchanged but consider a smaller initial size compared with
the total mass M . The expected typical horizon radius in the isotropic coordinates is given
by 1
2
M = 1
13
L = 120
13
∆.
First, we show the snapshots of the particle distribution, density distribution,
Kretschmann curvature invariant and momentum constraint violation in Fig. 7. The quali-
tative picture of the particle dynamics is similar to the previous case. However, in this case,
an apparent horizon appears at t ≃ 10.2M as is depicted in the lower left-most panel in
Fig. 7. The value of z-axis at the pole of the horizon, denoted by zh is given by zh ≃ 0.82M .
The density, Kretschmann invariant and momentum constraint violation take the maximum
value inside the horizon at the formation time. We show the time evolution of Kp and con-
straint violation in Fig. 8. From this figure, it is clear that an apparent horizon is formed
after Kp takes the maximum value. We also checked the resolution dependence of the shape
and time at the horizon formation time. As is shown in Fig. 9, the horizon formation time
and the apparent shape are almost convergent. The position of the maximum momentum
constraint violation is located on the z-axis after t = 6M . Let z∗ denote the value of the z
coordinate at the peak of the momentum constraint violation. We depict the value of z∗ as a
function of time in Fig. 10. Although z∗ is well inside the apparent horizon at the formation
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FIG. 7: Snapshots of the particle distribution and the density distribution, Kretschmann curvature
invariant K and momentum constraint violation on the x-z plane are shown. The numerical value
of every dimensionful variable is given in the unit of M . The peak value Kp take the maximum
values at t ≃ 8.6M . As is shown in the panel of the particle distribution at t = 10.2M , an apparent
horizon appears at this time.
time, it takes a larger value at an earlier time.
The result shown in this subsection is well understood in the sense of the hoop
conjecture[7]. That is, the matter distribution is too elongated for the formation of the
horizon which covers the most part of the system at the moment of Kp = Kmax. However,
after a certain period of time after Kp = Kmax, the matter distribution gets compacted into
a region whose circumference in every direction is comparable to 4piM .
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FIG. 9: Resolution dependence of the horizon formation time and the apparent shape are shown.
IV. SUMMARY AND DISCUSSION
We have performed 3D general relativistic simulations of the non-spherical gravitational
collapse of a collisionless particle system. Particles have been randomly distributed inside
a prolate spheroid. Unlike the case done by Shapiro and Teukolsky (ST) in Ref. [1], ex-
act axisymmetry has not been assumed. We have found that a peak of the Kretschmann
curvature invariant appears near the pole of the matter distribution, and the peak value
takes a maximum after a period of time. The maximum value of the Kretschmann cur-
vature invariant is greater for a finer resolution and looks divergent in the limit of infinite
resolution. We have also found a similar tendency for the Weyl curvature invariant. In this
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FIG. 10: z∗ is depicted as a function of time. The two vertical lines show the time at Kmax and
the horizon formation, respectively.
sense, our results also lend support to the formation of a naked singularity like in the ST
case with an axially symmetric spindle collapse. It should be noted that, even if we did not
find an apparent horizon, the singularity could be covered by the global event horizon. For
instance, in Ref. [24], such possibility is addressed for initially stationary configurations of
pointlike and singular line sources. The results in Ref. [24] indicate the presence of a naked
singularity when the size of the singular source is large enough compared with its mass. The
event horizon search in the system treated in this paper is beyond the scope of this paper
and we leave it as a future work.
One remarkable difference from the ST case is that the peak position of the Kretschmann
invariant always stays inside the matter distribution, while it is outside the matter distri-
bution near the pole for the ST case. The reason of this difference is not quite clear. A
consistent result with ST is also reported in Ref. [8] by Yamada and Shinkai. They performed
a similar simulation to that in ST by using an axisymmetric code with a finer resolution.
Therefore, the lower resolution in ST is unlikely to be the reason. One possible reason is
that there is no exact axisymmetry in our case in contrast with the ST case. If it is cor-
rect, our result might suggest structural instability of the singular spacetime suggested by
ST. Another difference from the ST case is that our numerical integration does not break
down even when the Kretschmann invariant takes a maximum value but goes further well
beyond this moment. We have not found an apparent horizon in the simulation starting
from the initial situation same as in ST. As is shown in the section IIIC, by using a different
initial data set, we have found an example in which an apparent horizon is finally formed
after a certain period of time after the occurrence of the maximum value of the peak of the
Kretschmann invariant.
Not only do the analyses of collisionless particle systems make contributions to the un-
derstanding of the theoretical aspects of gravitational collapse, but also provide a model of
gravitational collapse in a possible early matter-dominated phase of our Universe [25–29].
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Similar analyses in cosmological situations may also make help to understand the criterion
for primordial black hole formation in the matter-dominated phase [30]. In order to make our
setting more realistic for gravitational collapse in cosmological situations, we need to choose
an appropriate boundary condition (e.g., periodic boundary condition as in Refs. [31, 32])
and initial data [33, 34]. Gravitational collapse of a collisionless particle system in an ex-
panding universe will be reported elsewhere [35].
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Appendix A: Convergence check
In this Appendix, we show a result of the convergence check for our numerical code. In
Fig. 11, we plot the value of γ˜zz on z-axis at t = 24M for each resolution with the following
fixed parameters:
L
M
= 20 ,
b
M
= 10 , e = 0.9 , N = 125000 , rs = 2L/75. (A1)
Assuming the second order convergence, we consider the following resolution dependence
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FIG. 11: γ˜zz on z-axis at t = 24M is shown for each value of ∆. The dependence of the second
order convergence is clearly confirmed.
of γ˜zz:
γ˜zz(z; ∆) = γ˜zz0(z) + γ˜zz2(z)∆
2 +O(∆3), (A2)
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where γ˜zz0 and γ˜zz2 represent the true value and second order error, respectively. Using
γ˜zz for two different resolutions ∆1 and ∆2, we can estimate the true value γ˜zz0 with the
following extrapolation:
γ˜zz0(z) ≃ γ˜zz(z,∆1)∆
2
2 − γ˜zz(z,∆2)∆21
∆22 −∆21
. (A3)
In Fig. 11, two different extrapolations agree with each other. This result clearly show the
second order convergence of our code with fixed number and size of particles.
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